Introduction
Structural health monitoring system (SHMS) is one of the cutting-edge technologies to assure the safety of structures during their long service lives.
1,2 Among SHMS, sensor system always plays an important role, and its spatial allocation and the quality of collected signal may affect the functionality of the entire SHMS. Considering the number of sensors is often limited, especially for those large-scale structures with great spatial complexity, the optimal sensor placement has attracted increasing interest in the past two decades.
Numerous techniques have been developed for solving the optimal sensor placement problems.
To provide maximum information on the state of structures, a class of information based approaches has been extensively studied by some researchers (e.g. Ref. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In these methods, the optimal sensor locations are selected such that they maximize some five methods, concluding that the EfI-DPR method provides an effective method for optimal sensor placement to identify the low frequency vibration characteristics. 4 optimization technique based on the maximization of the modal kinetic energy for the structural health monitoring. Its objective is to find a reduced sensor configuration which maximizes the measure of the kinetic energy of a structure. The inherent mathematical connection between the EfI and kinetic energy methods was revealed by Li et al. 24 Further examples of energy based sensor placement method include the eigenvalue vector product 25 and non-optimal drive point 13 methods.
Tongpadungrod et al. 26 used eigenvalues derived from principal component analysis as performance evaluators, and proposed an optimization technique for sensor placement.
Lim 27 employed the generalized Hankel matrix, a function of the system controllability and observability, to develop a sensor placement approach to achieve a given rank of the system observability matrix while satisfying modal test constraints. Another method called modal assurance criterion (MAC) based method was presented by Carne and Dohrmann
28
to attain the sensor configuration by minimizing the off-diagonal terms in the MAC matrix. Beal et al. 29 formulated optimal sensor placement as a mixed variable programming (MVP) problem.
The recent development in the field of optimization algorithm has also been taken advantage of by numerous optimal sensor placement methods, such as genetic algorithms (GAs) 26,30-35 and particle swarm intelligence (PSO)
36
. Yao et al 30 proposed the GA as an alternative to the EfI method, choosing the determinant of the FIM as the fitness function.
Worden and Burrows 31 used artificial neural network (ANN) to locate and classify faults
and GA was applied to determine an optimal sensor distribution. The NN was training using mode shape curvatures. Said and Staszewski 32 utilized the GA to select the optimal sensor locations based upon the concept of mutual information. The concept was used to eliminate redundancies in information between selected sensors and rank them based on their remaining information content. Rao and Anandakumar 36 employed the PSO technique to optimize the sensor locations so as to achieve the best identification of modal frequencies and mode shapes. Many other sensor placement approaches exist in the literature, and a review is provided by Barthorpe and Worden.
37
Nevertheless, little research has focused on the design of sensor system with multiple types of sensors. With the fast advance of sensor technology within the past two decades, the sensor network becomes more complex in terms of the number and types of sensors (e.g. strain gages, accelerometers, displacement transducers, wireless sensors, fiber optic sensors, etc). Although the variety of sensors provides more comprehensive information and advanced features, their distinct properties and limitations considerably complicate the design procedure of such hybrid sensor systems.
Therefore, this paper presents an integrated design approach of sensor systems with both strain gauges and displacement transducers. These two common types of sensors are often used to measure structural deformations and displacements separately. As a result, their spatial configurations are usually designed in two separate and distinct processes in conventional placement methodology. In view of this, this study attempts to design a sensor system including strain gauges and displacement transducers as a whole, and furthermore, the limited measurements by strain gauges and displacement transducers are fused together to estimate the response of entire structures. The integrated approach for optimal sensor placement of hybrid sensor systems is an extension of the EfI method for single-type sensor systems. The locations of strain gauges and displacement transducers are optimized simultaneously so that we can best estimate structural response of interest from limited measurements, while their total number are determined in the optimization in order to reduce estimation errors to a desired level. In particular, the normalization using noise variance is adopted to solve the problem caused by combining displacement measurements and strain measurements together. A case study of a cantilever beam is presented as an example. The results of the numerical analysis indicate that the integrated sensor system, composed of strain gauges and displacement transducers, can provide better estimation of the entire structure response than single-type sensor system.
Strain-Displacement Relationship
In order to integrate the design of sensor system with both strain gauges and displacement transducers, the strain-displacement relationship is first presented in this section in the context of finite element model (FEM). It is noteworthy that the strain refers to normal strains in this study since strain gauges measure only normal strains in a certain direction.
The strain in an element, namely element i, can be expressed as
where subscript t indicates that the vector corresponds to the complete set of DOFs, and thus d t is the displacement vector that includes translations or rotations in all degrees-of-freedom (DOFs) of a structure; S is a selection matrix that selects the displacements related to element i, and the number of selected DOFs is dependent on the element type; T is a transformation matrix that transform the element nodal displacements in global coordinates to those in local coordinate for element i; B is a matrix representing the relationship between the node displacements of an element and the strains in this element, which can be developed using the shape function of the element; ε i is the strain at a location in element i. Considering the strain at all the locations of interest in a structure, a strain vector can be obtained,
where C is transformation matrix between the displacement vector and the strain vector,
In practice, reduced-order mode superposition analysis is widely adopted to calculate the dynamic response of linear systems with a large number of DOFs. A modal expansion of the displacement vector yields
where Φ t is the displacement modal matrix consisting of mass normalized displacement modes shapes r φ that can be obtained by modal analysis of finite element model; q is the modal coordinates; the number of mode shapes k considered is usually much less than the total number of DOFs for large-scale structures. In general, Φ t should include all important mode shapes excited by external loads, and the value of k should be determined in consideration of modal contribution factors, frequency bandwidth of excitations and sampling rate of data acquisition.
Subsequently, the strain vector can be expressed with the modal coordinates:
where the vector ψ r is the strain model shape corresponding to the displacement mode shape r φ ; and Ψ t is strain modal matrix.
The transformation matrices B, T and S are all dependent on the element type, as different types of elements have different number of nodes, local coordinate systems and shapes functions. An example is presented hereunder for the two-dimensional, prismatic and symmetric beam element which is later employed in the case study of this paper. The planar beam is a 6-DOF element, and its normal strain of a beam can be divided into the deformations due to axial force and bending moment respectively. The displacement-strain relationship for the planar beam element can be obtained as follows
where d e is the nodal displacement vector corresponding to 6 DOFs of the beam element, x and y denote the location in the element coordinate where the strain is calculated, and u and v is the shape functions which can be expressed by the functions H u (x) and H v (x) and the matrix A, [ ]
[ ]
where l is the length of the beam element. As mentioned before, the actual normal strain is the superposition of two components, i.e. ε=ε x +ε b , and thus the strain-displacement relationship matrix for the planar beam element reads
The strain-displacement relationships for other element types can be derived in a similar way, e.g. three-dimensional beam element and plate element, although they may be more complex.
Optimization Strategy
The number of sensor measurement is always limited in comparison with the number of structural responses of interest, especially for large-scale structures. It is necessary to estimate some quantities based on the limited measurement. Therefore, the optimal sensor placement presented in this section aims to minimize the error in the estimation of 8 unmeasured displacements and strains. In particular, the locations of strain gauges and displacement transducers are optimized simultaneously, unlike the conventional design methodology in which they were usually carried out in two separate and distinct processes.
The estimation process also employs both the strain and displacement measurements. The total number of both sensors is determined within the optimization procedure based on the target error levels of the estimation instead of being prescribed.
Assume the response vector y includes the displacements and strains at the locations of interest for a structure, i.e.
For a linear structural system, the response can be expressed as a linear combination of a small subset of mode shapes
where q is the vector of modal coordinates; Γ is the general modal matrix which includes both strain mode shapes Ψ and displacement mode shapes Φ. As mentioned before, it is not practical to include all mode shapes for large-scale structures, and usually only a subset This approach is further extended to achieve the optimal placement of sensor system with both displacement transducers and strain gauges. The estimation error of response vector y e is first quantified, and the total number of displacement transducers and strain gauges and their optimal locations are both determined in an optimization procedure with the objective of minimizing the estimation error.
The error between the estimated response and the real response, Δ, can be obtained from Eqs. (11), (12) and (13) (18) Δ is the covariance matrix of the estimation error, and each diagonal element represents the variance of the estimation error for corresponding response (strain or displacement).
Therefore, the maximum diagonal element denotes the maximum estimation error, while the trace of the matrix Δ represents the sum of estimation errors at all locations of interest.
Consequently, the sensors optimal placement can be done by minimizing the maximum estimation error, total estimation error or both.
As mentioned before, however, the magnitudes of strain and displacement responses are of different orders, and as such their absolute estimation errors. The optimization procedure may considerably bias one type of sensors. In view of this, the relative estimation error-the ratio of the estimation error to the measurement noise-is used in this 
The diagonal elements of the matrix Δ represent the variances of normalized estimation (27) and they are of the same order of magnitude for displacement transducers and strain gauges.
Therefore, such normalization enables the simultaneous selection of the optimal locations of displacement transducers and strain gauges. A weight matrix P can be applied to account for the importance of different locations, or the different requirement on the normalized estimation error for strain gauges and displacement transducers. The maximum and average estimation errors will be increased with the reduction of the number of sensors. The total number of strain gauges and displacement transducers can be thus determined to achieve the prescribed criterion for estimation errors, as shown in constraint functions. A simple iterative procedure is carried out, in which the candidate sensor positions are deleted one by one until the target error level is reached. In each step, one sensor location is removed which results in a minimal trace of the matrix
. Once the sensor locations are identified, the response at other locations can be estimated using Eq. (25) . It should be noted that such a simple procedure can be only applied to relative simple structures. For large-scale or complex structures with a large number of DOFs, this procedure is time-consuming and possibly suboptimal. Some common optimization methods, e.g. genetic algorithm, could be employed in that case.
Case Study
A cantilever beam with a length of about 2.0 m and a cross section of 50.8mm×50.8mm is employed in the analytical study. The beam is modeled by two-dimensional beam element described before, and the finite-element model consists of 21 nodes and 20 equal-length elements ((as shown in Fig. 1(a) ). A random excitation is applied vertically at the end of the cantilever beam, and it induces the flexural vibration of the beam. It should be pointed out that the proposed approach is not dependent on the input excitation, and any other types of excitation (e.g. harmonic load) can be applied as well. It may be considered as a merit of this approach, as the input excitation is often hardly measured in real structures. The random force is adopted only for the purpose of illustration, because (1) it is widely used to represent a general load civil engineering structures may subject to; (2) 
In this study, the noise variances are assumed to be constant for each type of sensors, and they are independent with the magnitude of response signals. In reality, sensor noise level depends not only on the type of sensors, but also on the environment and instrumentations. Hence some site-specific empirical values should be taken for sensor noise variances. The following four cases are studied and compared in the case study: In Case 1, totally 9 sensors are selected, composed of 7 strain gauges and 2 displacement transducers in y-direction, and their corresponding optimal locations are shown in Fig. 1(b) . Fig.2 depicts the variation of the average and maximum normalized estimation error variance in the optimization procedure, i.e. The responses at remaining locations are then estimated using the sensor measurements contaminated by noises. Fig. 3 illustrates the comparison of the estimated response and the real response at element 3 and node 18. As illustrated by Fig. 3, both Case 2 is presented to demonstrate the effect of measurement noise upon the placement of a hybrid sensor system. The total number of sensors is 9, equal to that in Case 1.
Compared with Case 1, Case 2 has the reduced displacement sensor noise variance, yet the same level of strain gauge noise. The selected sensor locations are also plotted in Fig. 1(c) .
Essentially the noise covariance matrix serves as a weighting matrix of mode shapes during the normalization, and hence the decrease of the displacement sensor noise actually amplifies its weighting factor relative to that for strain gauges. As a result, more displacement transducers are selected in Case 2 than in Case 1.
Cases 3 and 4 present examples of single-type sensor system, either strain gauges or displacement transducers. The noise levels are consistent with those specified in Case 1.
The total numbers of sensors are 9, both equal to that in Case 1. Figs Fig. 10(b) . It is because that the displacement responses generally contain less high-frequency components than strain responses. Through the comparison of Cases 1, 3 and 4, it is seen that the optimized hybrid sensor system, a combination of displacement transducers and strain gauges, contains more information of the entire structural response than single-type sensor system, provided that the data from multi-type sensors can be appropriately fused. 
Conclusions
An optimal sensor placement approach is presented in this study for monitoring systems with both strain gauges and displacement transducers. Instead of being carried out in two separate courses, the placement of two types of sensors is optimized simultaneously in this approach. Subsequently, the measurements from both types of sensors are employed collectively to estimate the response of the entire structure. The optimization objective is to best estimate structural strains and displacements of interest using limited measurements from sensors, and the total number of sensors is determined to achieve the desired error levels in structural response estimations. Noise-normalized responses and mode shapes are used in this approach. A numerical analysis of a cantilever beam indicates that this approach offers an effective way to design such a hybrid sensor system as a whole and reduce a relatively large initial candidate location set to a much smaller optimum set. The actual estimation error levels induced by measurement noises can be fairly well quantified by the theoretical formulation, and the target estimation error levels can be successfully achieved through the optimization procedure in numerical study. The results of a comparative study also demonstrate that the hybrid sensor network with multiple types of sensors can provide more complete and accurate information about structural response, compared with single-type sensor systems. It should be pointed out that in practice the estimation accuracy may be affected by numerous factors such as the uncertainty in measurement noise, the influence of higher modes, the discrepancy between FEM and structures, and non-synchronization of strain and displacement signals, etc. Therefore an actual estimation error is expected be larger than the theoretical prediction. An experimental verification needs to be carried out in future study to assess the effect of these factors.
